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Linear Quadratic Control

An optimal state-space design
given a performance index / weighting matrices.

The closed-loop transient behavior
difficult to determine in advance 
as no simple relation exists 
between the weighting matrices
and the closed-loop eigenvalues.

The weights to be determined iteratively
through trial and error.



Pole Placement Design

The closed-loop eigenvalues being specified,
the transient behavior can be addressed directly.

Not easy to transform transient requirements
into a set of closed-loop eigenvalues.

Different feedback gains 
can lead to the same pole pattern
when the system has several inputs 
and these gains can produce different transients.



A Remedy Proposed

Combine the LQ and pole placement designs as follows.

Start with a standard LQ design.

Should an undesirable closed-loop eigenvalue result,
select the weighting matrices so as to shift it
to a more convenient position
while leaving the remaining eigenvalues
at their original positions.

Repeat if desired.



Background

Attempts to modify the LQ design are of an early date.

The seminal work of Solheim (1972)
improved by Sugimoto and Yamamoto (1989)
and Kučera and Kraus (1999)
using different techniques.

The ultimate solution is reported by
Cigler (2009) and Cigler and Kučera (2009).



Preliminaries

Linear system n states, m inputs.

Performance index

where (A, B) stabilizable and (A, C) detectable.

Optimal control law

where           is a unique matrix solution of the     

algebraic Riccati equation
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Hamiltonian

Consider the Hamiltonian

The eigenvalues of H are symmetrically distributed  
with respect to the imaginary axis

and the n stable eigenvalues of H
are the eigenvalues of the optimal closed-loop system.
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Outline of the Presentation

Basic questions concerning                                      
the LQ optimal eigenvalue shifting:

�™ Which shifts are possible?

�™ Which weighting matrices Q and R realize the desired 
shift?

�™ How to solve the resulting Riccati equation for P ?

We shall provide a complete answer.



Single Eigenvalue Relocation

Apply a similarity transformation T to bring A
to the Jordan form 
and choose one controllable eigenvalue, say λ1, to be shifted

Take 

with            a real parameter,                               
and select the weighting matrix R so that
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Single Eigenvalue Relocation

Calculate

where
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Single Eigenvalue Relocation

Let μ1 be the desired position 
to which the eigenvalue λ1 is to be shifted.

Then

We conclude that

since
In particular, if μ1 is to be stable, 
it can only be shifted to the left.
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Single Eigenvalue Relocation

The eigenvalue can only be shifted to the left

λ1

Note that when λ1 is not stable 
it is shifted to the left of its stable image  –λ1

–λ1 ��1



Single Eigenvalue Relocation

Having chosen Q and R, the optimal control law 
that achieves the desired shift 
is given by solving the Riccati equation.
Make an inspired guess that

for some real constant            

The Riccati equation then reduces to

which can readily be solved. In particular, p1 = λ1 – µ1.
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Single Eigenvalue Relocation

In the original coordinates,
the solution of the Riccati equation is

and the optimal control law that achieves the desired shift
is given by
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Multiple Multiple EigenvalueEigenvalue RelocationRelocation

Suppose that λ1 is not simple 
but generates a Jordan block of size k.

The previous result holds also in this case.
While λ1 is shifted to μ1,  λ1 remains an eigenvalue of A
but it generates a Jordan block of size k – 1. 

The process can be continued 
to result in a spectrum of  k eigenvalues

positioned to the left of the value .
k�P�P�P ...,,, 21
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A Pair of 
Complex Conjugate Eigenvalues

Suppose a complex conjugate pair of 
controllable eigenvalues and
is to be shifted to obtain a new pair            and            . 

Following a similarity transformation, one obtains
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A Pair of 
Complex Conjugate Eigenvalues

Take

where

for a real q and a complex q12 that satisfy             . 

Select R so that

for a complex ω such that
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A Pair of 
Complex Conjugate Eigenvalues

The relevant 4×4 Hamiltonian matrix

is to have eigenvalues and             . 
Comparing the determinants, 
the region in which          can be placed
is given by
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A Pair of 
Complex Conjugate Eigenvalues

The complex case is more complicated.

The allowable region for          depends, 
for a given pair        ,
upon ω.

We shall distinguish three cases:
�™ |ω| = 1
�™ ω = 0
�™
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A Pair of 
Complex Conjugate Eigenvalues

When |ω| = 1, then Ω2 is a singular rank-one matrix
and the equations can be simplified to

x and y are real and imaginary part of desired
respectively

The first equation describes the interior/exterior
of a hyperbola, depending on the sign of Re λ2

while the second one represents the exterior of a circle
with radius |λ|, centered at the origin.
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A Pair of 
Complex Conjugate Eigenvalues



A Pair of 
Complex Conjugate Eigenvalues

When ω = 0, then Ω2 is the identity matrix
and the equations can be simplified to

The first equation defines a strip along the real axis

while the second one represents 
the exterior of a Cassini oval with foci at λ and –λ,
whose shape depends on Im λ / |λ|.
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A Pair of 
Complex Conjugate Eigenvalues



A Pair of 
Complex Conjugate Eigenvalues

When                   then Ω2 is a general rank-two matrix
and the regions the equations define 
can most conveniently be found 
using optimization techniques
to obtain upper bounds 
for the real and imaginary parts of μ. 

When             and/or 
the regions thus defined approach those
considered previously.
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A Pair of 
Complex Conjugate Eigenvalues

|ω| = 0.5 |ω| = 0.8

|ω| = 0.9 |ω| = 0.95



A Pair of 
Complex Conjugate Eigenvalues

Having chosen Q and R, the optimal control law 
that achieves the desired shift 
is given by solving the Riccati equation.
Make an inspired guess that

where            is a Hermitian 2×2 matrix 
that solves the reduced Riccati equation
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Relocation of Complex Conjugate Pair

In the original coordinates,
the solution of the Riccati equation is

and the optimal control law that achieves the desired shift
is given by
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Example: Oscillatory System (1)

Consider the following oscillatory system

Initial guess of weighting matrices

gives the complex conjugate poles at 
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Example: Oscillatory System (2)

�E�E�Y�ì���A�����Ç���~�î�•�V
�E�E�Z�ì���A���í�ì�V
�E�E�W�ì���A�������Œ���~���U���U�Y�ì�U�Z�ì�•�V���9���•�}�o�À�����Z��
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Example: Oscillatory System (3)

Allowable area is defined by
• The interior of the hyperbola
• The exterior of the circle with 

radius |λ|, centered
at the origin

Our objective:
• Shift poles to increase damping
• New location 22,1 ��� �O



Example: Oscillatory System (4)

�E�E�€�d�U�:�•�A�i�}�Œ�����v�~���í�•�V�� �9�����}�u�‰�µ�š���:�}�Œ�����v�(�}�Œ�u
�E�E�t���A���]�v�À�~�d�•�V
�E�E���í�š���A���t�Ž���í�V�� �9���d�Œ���v�•�(�}�Œ�u��������
�E�E�����í�‰�Œ�}�����A�����í�š�Ž���í�š�–�V
�E�E�Z�í���A�����í�‰�Œ�}���~�í�•�V�� �9�����}�u�‰�µ�š���Z�í
�E�E�}�u���P�����A���]�v�À�~�Z�í�•���Ž�����í�‰�Œ�}���~�î�U�í�•�V
�E�E���Y�í���A���]�v�À�~�d�•�–�Ž�•�}�o�À���~�9�9���‹�µ���š�]�}�v�•�(�}�Œ���‹�U���‹�í�î�9�9���•�Ž�]�v�À�~�d�•�V



Poles were shifted to the new location

Now, make the system faster.
• Shift one pole to 
• The second one to 

Example: Oscillatory System (5)
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Example: Oscillatory System (6)

�E�E���‹���A���u�µ�”�î���r�o���u�������í�”�î�V
�E�E�‰���A���o���u�������r�u�µ�V
�E�E���W�î���A���t�~�í�U�W�•�–�Ž�‰�Ž�t�~�í�U�W�•�V
�E�E�Y�î���A���t�~�í�U�W�•�–�Ž�‹�Ž�t�~�í�U�W�•�V



Conclusions

A method has been proposed 
that makes use of the LQ optimization 
to shift a single eigenvalue
or a pair of complex conjugate eigenvalues
in an iterative manner.

The region into which each eigenvalue can be shifted
has been described in detail.

A simple and transparent method 
that will eventually make its way to textbooks.
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